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In these notes, we will be considering representations of G(k), where G is a reductive algebraic group, e.g. G = GL n , and k is a finite extension of Q p , F p ((t)), or F p ; in the first two cases, k is called a p-adic field whose ring of integers will be denoted by O k , and we let ̟ k or sometimes just ̟ denote a uniformizing parameter in O k . The representation theory of these groups over C is a well trodden subject, and one can say that one understands a good deal about them. For finite groups of Lie type G(F q ), after the initial important work of J. Green for GL n (F q ), and Deligne-Lusztig who introduced geometric methods to representation theory, a rather complete understanding of the subject is largely due to the work of G. Lusztig. For G(k) , k a p-adic field, understanding representation theory of G(k) is part of the Langlands program, pursued as such, or independently of it, by many people.
In these notes, we will mostly consider analogous questions for modular representations. These representations are either mod ℓ (ℓ = p) or mod p. The answers are usually very different in these two cases. Both are useful and interesting to pursue, and although the subject is of classical origins, it has attracted considerable renewed interest in light of number theoretic applications, such as to congruences of modular forms, and what has come to be called mod ℓ and mod p Langlands program. In general, mod ℓ theory is much better understood and tends to be much simpler than mod p.
Representations of GL n (F q )
We begin with some generalities on the representations of GL n (F q ) in characteristic p in the following well-known lemma.
Lemma 1.1. The following are equal:
(1) The number of irreducible representations of GL n (F q ) in characteristic p.
(2) The number of p-regular conjugacy classes in GL n (F q ).
(3) The number of semisimple conjugacy classes in GL n (F q ).
(4) The number of the characteristic polynomials of degree n over F q with non-zero constant term. (5) q n−1 (q − 1). Remark 1.2. Something very similar occurs for any reductive algebraic group over finite fields; for semisimple groups G, the number of p-regular conjugacy classes in G(F q ) is q rk (G) .
As a consequence, we deduce that all the irreducible mod p representations of GL 2 (F p ) are (det) j ⊗Sym i (V ) , 0 ≤ j ≤ p−2, 0 ≤ i ≤ p−1, where V is the standard 2-dimensional representation of GL 2 (F p ).
If q is a power of p, then there exists the automorphism, called the Frobenius automorphism, for an integer i, 0 ≤ i ≤ p d − 1, where i = i 0 + i 1 p + · · · + i d−1 p d−1 is the p-adic expansion of i with 0 ≤ i j ≤ p − 1 and χ is a character of GL 2 (F q ) with values in F × q ; in particular, any irreducible representation of GL 2 (F q ) in characteristic p is defined over F q , and arises as the restriction of an irreducible algebraic representation of GL 2 (F q ) (or more precisely, of the group which is obtained from GL 2 through the restriction of scalars from F q to F p ).
Reducing mod ℓ
One way of understanding modular representations is via reducing representations in characteristic 0. Via C ∼ −→Q ℓ , any vector space over C can be considered as one overQ ℓ , or better still, over E, a finite extension of Q ℓ . Representations of a group on a vector space over a field E which is a finite extension of Q ℓ are called ℓ-adic representations. Given an ℓ-adic representation, there is the notion of a lattice in the corresponding vector space over E, i.e., a finitely generated free
For reduction mod m E , the maximal ideal of O E , one needs to choose an O E -lattice L invariant under the finite group G acting on V . For this, choose any lattice L in V , and define, L := gL, which is a G-stable, free O E -submodule of V . Thus there are lattices L which are invariant under G.
Definition 2.1. The reduction mod ℓ of an ℓ-adic representation V is the representation of the group G on L/m E L which is a finite dimensional vector space over k E := O E /m E . This reduction mod ℓ depends on the choice of a lattice L invariant under G. However, by a theorem due to Brauer and Nesbitt, the semisimplification of the reduction mod ℓ is independent of choices.
Remark 2.2. From the Brauer theory, there is an obvious proof of the Brauer-Nesbitt theorem, since any two reductions have the same Brauer character. Question 2.3. Let π be an irreducibleQ ℓ -representation of a finite group G. Suppose π mod ℓ has two irreducible components π 1 and π 2 . Is there always a lattice
As an example of the usefulness of reduction mod ℓ, we prove the following lemma.
Lemma 2.4. Let G be a reductive algebraic group over a finite field F q with B = T · U a Borel subgroup defined over F q , with W = N (T )(F q )/T (F q ) the relative Weyl group. Let Ps(χ) be the principal series representation of G(F q ) induced from a character χ :
Then the following are equivalent.
( Proof. Observe that a character χ :
, where WF ℓ denotes the Witt ring ofF ℓ , whose quotient field is contained inQ ℓ . The assertions in the Lemma are well-known in characteristic zero by calculating the space of intertwining operators Hom G(Fq) [Ps( χ), Ps( χ ′ )] using Frobenius reciprocity and the well-known calculation of Jacquet modules; crucial use is made of complete reducibility because of which Ps( χ) and Ps( χ ′ ) share a Jordan-Hölder factor if and only if there is a nonzero intertwining operator between them.
From this characteristic zero theorem, it follows by reduction mod ℓ that if the characters χ and χ ′ are conjugate under the relative Weyl group W , then the principal series representations Ps(χ) and Ps(χ ′ ) are the same in the Grothendieck group ofF ℓ -representations of G(F q ). Conversely, if the principal series representations Ps(χ) and Ps(χ ′ ) share a Jordan-Hölder factor with nontrivial Jacquet module with respect to U (F q ), then by a standard calculation of the Jacquet module (valid in characteristic ℓ too since Jacquet module is an exact functor for ℓ = p), it follows that the characters χ and χ ′ are conjugate under the Weyl group W .
Remark : (a) A part of the proof of the Lemma clearly works for ℓ = p: it says that Ps(χ) and Ps(χ w ) are the same in the Grothendieck group of representations of G(F q ). Since converse of this uses Jacquet module techniques, it is not clear whether the Lemma holds good for ℓ = p.
(b) For ℓ = p, part 1 of the equivalent conditions in the Lemma about sharing a Jordan-Hölder factor with nonzero Jacquet module with respect to U (F q ) is necessary for the proof given here. Since there are sub-quotients of a principal series in +ve characteristic which have trivial Jacquet module (such representations are usually called cuspidal representations), it is not clear to this author if we can do away with the hypothesis about 'nonzero Jacquet module' for ℓ = p.
Reducing Deligne-Lusztig mod ℓ
Let G be a reductive algebraic group over F q , and let R(T 1 , θ 1 ) and R(T 2 , θ 2 ) be two ℓ-adic Deligne-Lusztig (virtual) representations associated to tori T 1 and T 2 inside G which are defined over F q , and characters θ 1 :
By reducing the characters θ 1 , θ 2 mod ℓ (which corresponds to going modulo the maximal ideal inZ ℓ ), we get charactersθ 1 :
By the character formulae for Deligne-Lusztig representations, cf. Theorem 4.2 of [DL] , and Brauer theory of characters (according to which two representations in characteristic ℓ have the same Jordan-Hölder composition factors if and only if their Brauer characters are the same), it is clear that the semi-simplification of the reduction mod ℓ of a Deligne-Lusztig representation R(T, θ), depends only on the reduction of θ mod ℓ. In particular, it makes good sense to talk of the DeligneLusztig representation R(T, θ) in the Grothendieck group of representations overF ℓ of G(F q ) for θ a character θ :
This trivial observation is already useful to prove that the reduction mod ℓ of certain R(T, θ) is not irreducible: write the character θ = θ ℓ · θ ′ ℓ as product of two characters θ ℓ and θ ′ ℓ , the first having order a power of ℓ, the second of order coprime to ℓ; such a decomposition θ = θ ℓ · θ ′ ℓ could be called the mod ℓ Jordan decomposition of the character θ. Then,θ =θ ′ ℓ , and therefore by the earlier observation, R(T, θ) and R(T, θ ′ ℓ ) have the same reduction mod ℓ. Therefore if R(T, θ ′ ℓ ) is a reducible representation (in characteristic 0), and not just a reducible virtual representation, so will R(T, θ) be mod ℓ. This procedure allows one to prove that the reduction mod ℓ of certain R(T, θ) is not irreducible; its success partly depends on knowing when R(T, θ) is an honest representation of G(F q ), and not just a virtual representation. (This happens for example for T a split torus and any θ, or for θ in general position for any T , or a combination of these two via induction in stages.) This raises another interesting question: can an R(T, θ) be identically zero mod ℓ for some ℓ?
We recall that among mod ℓ representations of GL 2 (F p ) (ℓ = p), there is one representation which seems at first sight to be somewhat of an anomaly. To define this, note that the Steinberg representation St of GL 2 (F p ) is realized on the space of functions on P 1 (F p ) with values in F ℓ modulo the constant functions. There is a natural map on the space of functions on P 1 (F p ) to F ℓ obtained by sending a function on P 1 (F p ) to the sum of its values on P 1 (F p ). Under this map, the constant function 1 goes to (p + 1), hence if ℓ|(p + 1), it gives a natural map from St to F ℓ whose kernel is a representation of GL 2 (F p ) of dimension (p − 1), and which is a cuspidal representation in that its Jacquet module is zero, but it still appears as a sub-quotient of a principal series representation. In fact, this representation of GL 2 (F p ) of dimension (p − 1) is the reduction mod ℓ of any cuspidal representation of GL 2 (F p ) in characteristic zero which has trivial central character and which arises from a character χ : F Question 3.1. Let G be a reductive algebraic group over F q , and let R(T 1 , θ 1 ) and R(T 2 , θ 2 ) be two Deligne-Lusztig representations mod ℓ associated to tori T 1 and T 2 inside G defined over F q , and characters θ 1 :
Then is it true that R(T 1 , θ 1 ) and R(T 2 , θ 2 ) share a common Jordan-Hölder factor if and only if θ 1 :
geometrically conjugate, i.e., conjugate when considered as characters on T 1 (F q n ) and T 2 (F q n ) for some n? Since two characters θ 1 , θ 2 : T (F q ) →F We end the section with a simple application of the ideas here.
Lemma 3.2.
(
Jordan-Hölder factor if ℓ|
Proof. For part (a), it suffices to observe that a cuspidalQ ℓ -representation of GL n (F q ) when restricted to the mirabolic subgroup P 0 (F q ) of GL n (F q ) consisting of those elements in GL n (F q ) with the last row equal to (0, · · · , 0, 1) can be written as induction of a non-degenerate character ψ : U (F q ) →Z ℓ to P 0 . We can assume that the reduction of ψ still gives a non-degenerate character of U (F q ) →F ℓ , which then proves that the reduction mod ℓ of a cuspidalQ ℓ representation remains irreducible when restricted to P 0 (F q ). We now prove part (b). Let T be the torus inside
Clearly θ is then a regular character, i.e., its conjugates under the Galois group (=Weyl group) are distinct. Thus R(T, θ) is a cuspidal representation of GL n (F q ) which by part (a) remains irreducible mod ℓ. Since θ is of order a power of ℓ, its reduction mod ℓ must be trivial. Therefore, R(T, θ) and R(T, 1) are the same representations mod ℓ in the Grothendieck group of representations of GL n (F q ) overF ℓ .
It is now well-known that the Deligne-Lusztig virtual representation R(T, 1) contains the Steinberg representation over C, and the other components of R(T, 1) being non-generic. Looking at the equality of representations R(T, θ) and R(T, 1) in the Grothendieck group of representations of GL n (F q ) overF ℓ , we find that the irreducible representation R(T, θ) mod ℓ must be a JordanHölder factor of the Steinberg representation mod ℓ.
A comparative study of representations of GL
We begin by summarizing some properties about the irreducible representations of GL 2 (F p ) over C in the following table.
Here the 1-dimensional representations are simply characters χ • det :
To define the Steinberg representation, observe that GL 2 (F p ) operates on P 1 (F p ); the Steinberg representation St is the quotient of the corresponding permutation representation by the trivial representation.
The Principal series representations are defined to be the irreducible representations Ind
, and we demand χ 1 = χ 2 to ensure irreducibility.
• Reduction mod ℓ = p. (In the following tables ⊞ means addition in the Grothendieck group.)
Always irreducible mod ℓ! This follows since any irreduciblē F ℓ -representation of GL 2 (F p ) must have a Whittaker model, and therefore must have dimension ≥ p − 1.
• Reduction mod p.
with |a − b| = 1, and sum of 2 irreducibles otherwise.
The following two lemmas describe the reduction mod p of a principal series as well as of cuspidal representations of GL 2 (F p ). Recall that the principal series representations are parametrized by characters χ 1 , χ 2 :
Both the exact sequences are non split if i 1 = i 2 .
Lemma 4.2. For a cuspidal representation Ds(χ) corresponding to the character χ :
or rather its Teichmüller lift to the Witt ring from F
, andx = x p ), its reduction mod p, assuming without loss of generality
(Without an explicit model overZ p for DS(χ), one cannot say more about reduction mod p.)
Both the lemmas can be checked via Brauer characters.
Remark : It may be noted that for a − b = 1, one of the Jordan-Hölder factors of Ds(χ) is Sym −1 (V ) which under the usual convention is the zero vector space.
Remark : One general method to understand cuspidal representations Ds(χ) is via the method of basechange which allows one to think about these representations in terms of principal series representations Ps(χ,χ) of GL 2 (F p 2 ) whereχ(x) = χ(x) = χ p . The method of basechange is valid in the modular case too, and allows us to relate lemmas 4.1 and 4.2, which we briefly review. Basechange identifies irreducible representations of GL 2 (F p 2 ) which are invariant under the Galois group which then extend to a representation of GL 2 (F p 2 ) ⋊ Z/2 with representations of GL 2 (F p ). The method of basechange is based on the Shintani character identity, according to which the character of the extended representation of GL 2 (F p 2 ) ⋊ Fr Z/2 at the non-identity component (g, Fr) for g ∈ GL 2 (F p 2 ) is the same as that of a representation of GL 2 (F p ) at the element N m(g) of GL 2 (F p ) which belongs to the GL 2 (F p 2 )-conjugacy class defined by g ·Fr(g). Given that the Shintani basechange identity holds for C-representations, and therefore forQ ℓ -representations, choosing a GL 2 (F p 2 ) ⋊ Fr Z/2 invariant lattice, it holds good for mod ℓ representations too, including ℓ = p. We also recall (an easy check) that the base change of an algebraic representation V of G(F p ) (i.e., an algebraic representation of G(F p ) restricted to G(F p )) to G(F p 2 ), for G any connected algebraic group over F p , is the representation of G(F p 2 ) on the space V ⊗ V Fr which as a vector space is the same as V ⊗ V on which g ∈ G(F p 2 ) acts as g(v 1 ⊗ v 2 ) = gv 1 ⊗ Fr(g)v 2 .
To relate Lemma 4.1 with 4.2, we will actually need a form of Lemma 4.1 for GL 2 (F p 2 ) which will actually have four Jordan-Hölder factors, two of which arise as basechange of the two Jordan-Hölder factors in Lemma 4.1, and two of which are Galois conjugate representations, and therefore do not contribute to the twisted trace. We leave details including the description of the Jordan-Hölder factors of a principal series representation of GL 2 (F p 2 ) in characteristic p in terms of Lemma 1.3 to the reader.
Generalities on representations of G(k)
We make some remarks on representations of G(k) where G is a reductive group defined over k, a p-adic field. The groups G(k) are locally compact topological groups which are totally disconnected. They come equipped with filtration by compact open subgroups, such as for G(k) = GL n (k), by the principal congruence subgroups,
A smooth representation of G = G(k) is a representation of G as an abstract group on a vector space V such that for all v ∈ V there exists a compact open subgroup K v ⊆ G such that K v operates trivially on v, i.e., if we consider the discrete topology on V , then this action is continuous. We recall the notion of parabolic induction. We have a parabolic subgroup P = M N ⊇ B. Given a representation (ρ, V ) of M , consider ρ as a representation of P by extending ρ trivially across N . Then Ps(ρ) := Ind
The group G operates on this space by right translations. The part of the theorem about admissible representations going to admissible representations under parabolic induction is a simple result which works uniformly for representations over C,F ℓ ,F p and follows from the generality that for any compact open subgroup K of G, and a maximal parabolic P , K\G/P is a finite set. However, the part about finite length representations going to finite length representations is non-trivial, and done, it seems, separately in all the three cases of C,F ℓ ,F p .
These representations Ind (Harish-Chandra philosophy) Representation theory of G is split in 2 parts:
(1) Understand sub-quotients of principal series representations; (2) understand those representations of G which do not arise as sub-quotients of principal series representations for any P = G.
Conjecture 5.3 (Local Langlands correspondence (LLC) ∼ 1966).
There exists a bijective correspondence between irreducible C-representations of GL n (k) and n-dimensional C-representations of the Weil-Deligne group
, where W k is the Weil group of k and is a variant of the Galois group of k.
The Local Langlands correspondence is valid for n = 1 by the local class field theory according to which
The Local Langlands correspondence was proved around 2000 by M.Harris and R.Taylor [HT] , and independently by G.Henniart [Hen] .
The representations that are not sub-quotients of any principal series are called supercuspidal representations. There is a weaker notion of a cuspidal representation where one demands that the representation does not appear as a sub-representation of a principal series representation; this is equivalent by Frobenius reciprocity to demanding that all the Jacquet modules are zero. Over C, the notion of cuspidal and supercuspidal representations are the same, but not withF ℓ orF p coefficients, even for finite groups G(F q ).
Supercuspidal representations serve as building blocks of all representations by theorem 5.2. which is part of a very standard theory for representations of G(k) over C, and was extended by Vigneras to ℓ = p. In a recent work, Florian Herzig [Her] has proved an analogous theorem for ℓ = p too, and along the way, clarified the role of what was called a supersingular representation defined in terms of certain Hecke algebras by Barthel and Livne. By the work of Herzig, supersingular becomes identical to supercuspidal representations but which are yet not classified. One of the important results that Herzig proves along the way are that there are very few principal series which are reducible except the Steinberg and generalized Steinberg representations. The mod p theory lacks symmetry: π 1 ×π 2 , even if irreducible, need not be π 2 × π 1 . The simplest example to see this is for GL 2 (Q p ) and the principal series representation χ 1 × χ 2 for characters χ i : Q × p → F × p whose restriction to Z × p are distinct characters which factor throughχ i :
From the Iwasawa decomposition, GL 2 (Q p ) = GL 2 (Z p ) · B, the restriction of the principal series Ps(χ 1 , χ 2 ) := χ 1 × χ 2 to GL 2 (Z p ) is the induced representation from B(Z p ) to GL 2 (Z p ) from the character (χ 1 ,χ 2 ). Therefore the space of K(1) fixed vectors inside the principal series χ 1 × χ 2 , where K(1) is the principal congruence subgroup in GL 2 (Z p ) of level 1, is the same as the principal series representation of GL 2 (F p ) induced from the character (χ 1 ,χ 2 ) of B(F p ). But by Lemma 3.1, we know that the two principal series representations of principal series representation of GL 2 (F p ) induced from the characters (χ 1 ,χ 2 ), and (χ 2 ,χ 1 ) are distinct. Therefore the principal series representations χ 1 × χ 2 and χ 2 × χ 1 of GL 2 (Q p ) are not isomorphic.
One of the first tools Herzig develops is the structure of certain Hecke algebras which we briefly recall. Let G be a split connected reductive group over a p-adic field k. For K a hyperspecial maximal compact open subgroup of G, a K-weight is an irreducible finite-dimensionalF p -representation V of K (which factors through the reductive quotient of K).
Herzig considers the Hecke algebra H
for any irreducible K-weight V and proves a mod p Satake isomorphism, identifying H G (V ) to an explicit commutative algebra. Then, for any irreducibleF p -representation π of G, there is a K-weight V and an algebra homomorphism χ : H G (V ) →F p such that π occurs as a quotient of ind
We close this section with a natural question which we do not know if it is answered.
Question : Let G be a reductive group over a p-adic field k, P = M N a proper parabolic subgroup of G, π an irreducible representation of G(k) overF p , and π ′ an irreducible representation of M (k) overF p . Then by the Frobenius reciprocity,
It follows that the Jacquet module of a principal series representation is always non-zero. Is it true that the Jacquet module of a supercuspidal representation is always zero, or could it happen that the Jacquet module is nonzero, but it has no irreducible quotient? This question is there only because one does not know if the Jacquet module takes a representation of finite length to a representation of finite length.
A basic argument in characteristic p
In this section, we are in characteristic p > 0.
Lemma 6.1. Any finite dimensional representation V of a finite p-group G over a field F of characteristic p has a nonzero fixed vector.
Proof. Let V be a representation space for G of dimension d. Let v be a nonzero vector in V , and consider the F p -span, say W , of {gv} as g varies over G. Then W is a finite dimensional vector space over F p which is G-invariant. It suffices then to assume that F = F p , and V = W , in which case there are p d − 1 nonzero elements in V . Now deduce a contradiction by looking at the action of G on nonzero elements in V , and noting that p d − 1 = 0 (mod p).
Corollary 6.2. Any irreducible representation of G = GL n (F q ) in characteristic p is a quotient of a principal series induced from a character on a Borel subgroup of G = GL n (F q ).
Proof. B = T · U where U is a p-group. Look at π U = 0, the Jacquet functor, as a T module, thus contains an irreducible character χ of T . Clearly π is a quotient of Ind Proof. We prove that the space of intertwining operators, End G (π) = Hom G [ind
We now recall the Cartan decomposition according to which GL n (k) = KAK, where A is the semigroup of diagonal matrices of the form
From the Cartan decomposition, it follows that the restriction of π = ind
Since the representation V of K factors through GL n (F q ), this allows one to get infinitely many intertwining operators, as is easily checked.
Highest weight modules
For finite groups of Lie type G(F p ), such as GL n (F p ), in the case ℓ = p, methods of algebraic groups/algebraic geometry can be brought to bear on the problem of constructing or understanding representations of G(F p ).
Let G = GL n (F p ) and let π be an algebraic representation of G. Let U be the group of upper triangular unipotent matrices and let B = T · U be the group of upper triangular matrices. Definition 7.1. A representation π is said to be a highest weight module with weight λ := λ 1 ≥ · · · ≥ λ n if there exists v ∈ π U such that the maximal torus T in B operates by tv = t λ v where t λ = t λ 1 1 · · · t λn n . We further demand that π is generated as a G-module by this vector. Theorem 7.2. Any irreducible representation π of GL n (F p ) is a highest weight module for a unique weight λ(π) := λ 1 ≥ · · · ≥ λ n , and the association π → λ(π) gives a bijective correspondence between irreducible representations of GL n (F p ), and highest weights λ := λ 1 ≥ · · · ≥ λ n .
Given a character
n , define the corresponding character on B which is trivial on U and consider
the functions f : G →F p here are algebraic functions on G. The group G operates on such functions by right translation.
Theorem 7.3.
(1) For a character λ :
B λ is always a finite dimensional vector space over k, and is nonzero if and only if ω 0 (λ) is dominant integral where ω 0 is the unique element in the Weyl group W = N (T )/T which takes all the positive roots of T in B to negative roots.
Proof. We only prove parts (2) and (3). It is well-known that unipotent groups always have a fixed point. For uniqueness it suffices to prove that π U − is one-dimensional where U − is the group of lower triangular matrices. But U − B is an open dense set (known as the open Bruhat cell) so a function on G is determined by its restriction to U − BU . This proves part (2).
Part (3) follows from part (2) since a unipotent group over a field k always has a fixed vector in any algebraic representation over k.
Lemma 7.4. Any irreducible highest weight module of weight λ is the one which appears in part (3) of the above theorem.
Proof. If π is an irreducible representation with highest weight λ then we construct a map π → Ind G B ω 0 (λ). This will do the job. Construction of π → Ind G B ω 0 (λ) is nothing but Frobenius reciprocity, and depends on the observation that the dual representation π ∨ is a highest weight module for weight ω 0 (λ) −1 . We will omit a proof of this simple observation on π ∨ . Now, let v 0 be a highest weight vector in the dual space π ∨ , and let −, − be the canonical bilinear form −, − :
Cartan Weyl theory: This works for G = GL n (C) or the compact group U n . For integers λ := λ 1 ≥ λ 2 ≥ · · · ≥ λ n there exists a unique irreducible representation of GL n (C) such that its character on the diagonal torus is given by
There is such a theorem for all reductive algebraic groups over C.
Theorem 7.6. The irreducible algebraic representations of GL n (F p ) are also parametrized by integers λ 1 ≥ · · · ≥ λ n , however its character or dimension is not so easy to describe.
Lusztig has conjectured the character theory of L λ , equivalently, reduction mod ℓ of the Weyl module Ind G B λ in characteristic 0. Theorem 7.7 (Steinberg). Let G be a semi-simple algebraic group over F p . Then any irreducible representation of G(F p ) in characteristic p is obtained by restricting an irreducible algebraic representation π λ of G(F p ) where the highest weight λ = λ 1 ω 1 + λ 2 ω 2 + · · · + λ n ω n , with ω i the fundamental weights of G, and 0 ≤ λ i ≤ (p − 1).
Finally, let us use these algebraic group theories to understand composition series of reduction (mod p) of a principal series.
Recall that (abstract) principal series representations are defined as
There is a natural map Ind
, the space of algebraic functions, Ind
is nonzero if and only if i 2 ≥ i 1 , and the earlier remark gives the arrow det
To get the second arrow,
. This justifies the exact sequence for the principal series which arises in Lemma 4.1 by exhibiting a natural algebraic sub-representation of an abstract principal series representation of GL 2 (F p ).
A rather non-obvious assertion may be noted along the way that the map Ind
B(Fp) (χ 1 , χ 2 ), which consists in restricting algebraic functions f on GL 2 (F p ) to abstract functions on GL 2 (F p ) is injective! To get the Jordan-Hölder factors for the cuspidal representations which appears in Lemma 4.2, we refer to the geometric realization of discrete series in the cohomology of the projective curve X
which is the first example of a Deligne-Lusztig variety. This example is worked out in [HJ] from the point of view of crystalline cohomology. It seems interesting to calculate H 0 (X, Ω 1 ) as well
8. Remarks on mod ℓ = p.
One reason why the theory mod ℓ, ℓ = p, tends to be much easier is because the elaborate theory of C-representations of GL n (k) due to Bernstein-Zelevinsky extends in most aspects for ℓ = p; in particular, the theory of derivatives makes sense mod ℓ, and the Bernstein-Zelevinsky filtration of a representation of GL n (k) when restricted to the mirabolic has the same structure. Using these methods, one can prove that the reduction mod ℓ of an irreducible, integral representation (i.e., one which leaves a lattice invariant) is of finite length.
We recall that the theory of derivatives for representations of GL n (k) begins by fixing a nontrivial character ψ 0 : k → C × . One can in fact assume that ψ 0 : k →Z × ℓ ⊂ C × , such that its reduction mod ℓ gives rise to a non-trivial additive characterψ 0 : k →F × ℓ , and the following lemma is elementary to prove.
Lemma 8.1. Let P 0 be the mirabolic subgroup of GL n (k) consisting of matrices in GL n (k) with last row (0, 0, · · · , 1). Associated toψ 0 , define an additive characterψ : U →F × ℓ on the group of upper triangular unipotent matrices byψ(u) =ψ 0 (u 1,2 + u 2,3 + · · · , +u n−1,n ). Then, Ind 
which is a representation space for GL n (k) (called the reduction mod ℓ of V ), is irreducible since its restriction to P 0 is so.
Proof. By Bushnell-Kutzko, any supercuspidal representation of GL n (k) is obtained by induction of a finite dimensional representation of a subgroup of GL n (k) which contains the center of GL n (k), and is compact modulo center. Since any representation of a finite group has an integral model, it follows that π with integral central character has an integral model. The rest follows from the previous lemma.
Bad primes
Representation theory of finite groups behaves same in all characteristics ℓ as in characteristic zero as long as ℓ is coprime to the order of the group. When dealing with p-adic groups such as G = GL n (Q p ), there are again only finitely many 'bad' primes, where the theory differs from theory in characteristic zero. These are the primes that divide
We say a few words on how this comes about.
A supernatural number is a map from the set of primes in Z → N ∪ {∞}, it could be of the form p
For a profinite group G, we define its pro-order to be the l.c.m. of |G/N | as N runs over a system of neighborhoods of the identity. For example, the pro-order of a pro-p group is p ∞ . For a locally compact group such as GL n (Q p ), this is the l.c.m. of pro-orders of all compact open subgroups. The pro-order of GL n (Q p ) = | GL n (F p )|p ∞ . This can be computed by observing that any compact open subgroup of GL n (Q p ) is contained in a conjugate of GL n (Z p ).
Modular Langlands correspondence
In this section we discuss the Local Langlands correspondence which is proved by Vigneras for GL n (k) for ℓ = p, and some form of it is expected for ℓ = p. 
In some more detail, one starts with a Galois representation σ π : W k → GL n (Q ℓ ) (ℓ = p allowed), which we assume is integral, i.e., can be represented by σ π : W k → GL n (Z ℓ ), then the corresponding irreducible admissible representation of GL n (k) on a vector space overQ ℓ is integral, i.e., leaves aZ ℓ -lattice invariant, and the corresponding reduction mod ℓ of the representation π has a particular Jordan-Hölder componentπ which is an irreducible mod ℓ representation of GL n (k).
Question 10.2. Where does modular LLC stand? ℓ = p : It is completely understood for mod ℓ for ℓ = p for G = GL n (k) and is due to Vigneras. In this case, the Langlands correspondence sets up a bijective correspondence between irreducible admissible representations of GL n (k) and n-dimensional semi-simple representations of the WeilDeligne group. In this case, irreducible modular representations of W k of dimension n correspond to irreducible modular supercuspidal representations of GL n (k); both of these objects can be lifted to characteristic zero.
It may be remarked that both in Vigneras' work mod ℓ, as well as in the 'usual' case over C, there is a weaker form of the Langlands correspondence, called semi-simple Langlands correspondence, which ignores the presence of the 'Deligne part of the Weil-Deligne group'. The simplifying aspect of the Weil group being that it does not see the difference between different components of a principal series representation induced from a cuspidal data. ℓ = p : The case mod p has turned out to be much harder. This is understood only for GL 2 (Q p )! In this case, the Langlands correspondence is not a bijection since there are many more admissible representations of GL n (k) overF p than corresponding Galois representations. In the case of GL 2 (k), the principal series representations χ 1 × χ 2 as well as χ 2 × χ 1 which as we saw earlier are distinct representations of χ 1 = χ 2 , but both have the same parameter which is χ 1 ⊕ χ 2 . We refer to the ICM article [Br] of Breuil for a survey of the subject of mod p representations which continues to be a very active and still very mysterious subject. The subject of the mod p representations is, so to say, the first step of a p-adic representation theory of p-adic groups (like real representations of real groups) which is another big subject now, and for which we refer to the article of Colmez [Co] as a sample of the great developments happening in this field.
Remark : One way to go about modular LLC is to force the correspondence (π → σπ) from irreducible modular representations of GL n (k) to n-dimensional semisimple modular representations of the Weil-Deligne group W ′ k such that the diagram in conjecture (10.1) commutes, i.e., beginning with the modular parameter σπ, look at all the irreducible representations π of GL n (k) in characteristic zero whose Langlands parameter mod ℓ is σπ. (By a theorem due to Fong-Swan, parameters can be lifted to characteristic zero.) Given the flexibility in π here, one might hope that there is one for whichπ is irreducible. Declare the parameter of reduction mod ℓ of all such π's (withπ irreducible) to be σπ. The proposal made here partly depends on lifting a mod ℓ or mod p representation of GL n (k) to characteristic zero; this, it seems, is expected but not known in the mod ℓ = p case, whereas for ℓ = p, it seems to be hopelessly false as there may not even be an irreducible representation in characteristic zero with finite length mod p containing a particular supercuspidal representation.
Reduction mod ℓ and Brauer theory
The previous section on the Local Langlands correspondence for GL n (k) used the notions related to reduction mod ℓ of Galois representations (where ℓ = p is allowed). For general reductive groups G, theQ ℓ -smooth representations of G(k) are supposed to be related by the Langlands correspondence to Galois representations which take values inside the L-group L G(Q ℓ ), and one must define an appropriate notion of reduction mod ℓ of Galois representations σ π : W k → L G(Q ℓ ), which should now be a 'semi-simple representation' σ π : W k → L G(F ℓ ). (By a semi-simple representation σ : F → G(k) of an abstract group F inside an algebraic group G, we mean one whose image can be conjugated to land inside a Levi subgroup of any parabolic in which the image of σ lies.)
The first observation regarding σ π : W k → L G(Q ℓ ), with values inside a finite extension E of Q ℓ , is that since we are allowed to take further extensions of E, any bounded subgroup of L G(Q ℓ ) can be conjugated to sit inside a maximal parahoric subgroup Q(O E ) instead of the more obvious,
